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Abstract 

The Banach space -£i(Z) admits many non-isomorphic preduals, for example, C{K) for 
any compact countable space K, along with many more exotic Banach spaces. In this paper, 
we impose an extra condition: the predual must make the bilateral shift on ^i(Z) weak*- 
continuous. This is equivalent to making the natural convolution multiplication on ^i(Z) 
separately weak*-continuous and so turning £i(Z) into a dual Banach algebra. We call such 
preduals shift-invariant. It is known that the only shift-invariant predual arising from the 
^ ! standard duality between Cq(K) (for countable locally compact K) and £i(Z) is co(Z). We 

provide an explicit construction of an uncountable family of distinct preduals which do make 
the bilateral shift weak*-continuous. Using Szlenk index arguments, we show that merely 
\q . as Banach spaces, these are all isomorphic to cq. We then build some theory to study 

such preduals, showing that they arise from certain semigroup compactifications of Z. This 
allows us to produce a large number of other examples, including non-isometric preduals, and 
preduals which are not Banach space isomorphic to cq. 

1 Introduction 

The Banach space £i(Z) has a multitude of preduals beyond the canonical pairing between co(Z) 
and £i(Z). For example, if X is any countable, compact Hausdorff space, then C(X)* = M(X) = 
£i(X) = £i(Z) as all measures are countably additive. However, preduals of l\ can be very 
exotic. In [5], it was shown that there exist isometric preduals of l\ which are not isomorphic to 
a complemented subspace of any C{K) space. In [8], a predual Y of £i(Z) was constructed such 
that Y has the Radon-Nikodym property and each infinite-dimensional subspace of Y contains 
a further infinite-dimensional subspace which is reflexive. This construction was an inspiration 
for the recent solution to the scalar-compact problem [2]: this exotic Banach space is also an t\ 
predual. Indeed, in [15], it is shown that if X is any Banach space with separable dual, then there 
is an l\ predual E which contains an isomorphic copy of X. In this paper, we do not assume that 
a predual E of £i(Z) is isometric, and instead we allow any isomorphism between E* and £i(Z). 

Every predual of £i(Z) can be canonically regarded as a subspace E of £oo(Z), albeit in a possibly 
non-isometric fashion. This paper addresses the question of which preduals are invariant under 
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the bilateral shift operator on ^(Z). Equivalently, this asks which preduals make the bilateral 
shift operator on £i(Z) weak*-continuous. Clearly Co(Z) is one such predual, but we are interested 
in the existence of other preduals: by results of [13] these are necessarily slightly exotic (see the 
discussion at the end of Section [2] below). In particular, given a countable, compact Hausdorff 
space, the canonical duality between C(X) and M(X) = £i(X) = £i(Z) cannot make the bilateral 
shift operator weak*-continuous. 

Our interest in this topic is motivated by Banach algebra theory. The Banach space £i(Z) 
becomes a Banach algebra for the convolution product: 

{f*g)(n) = y %2f{k)g{n-k), f,ge£i(Z), neZ. (1.1) 

A Banach algebra is a dual Banach algebra if it is a dual space of some Banach space and the 
product is separately weak*-continuous, see [24J. In particular ^i(Z) is a dual Banach algebra 
when equipped with the standard predual c (Z). The standard warning in the theory of dual 
Banach algebras is that, unlike the situation with von Neumann algebras, the predual need not 
be unique: indeed, give l\ the zero product, so that any predual turns l\ into a dual Banach 
algebra. However, there has been little investigation of what happens in natural classes of Banach 
algebras; see Section [2] for further details. Motivated by Sakai's classical work on the preduals of 
von Neumann algebras, the first named author asked in [T2] whether the weak*-topology induced 
by c (Z) is the unique way of turning £i(Z) into a dual Banach algebra. The results of this paper 
answer this question negatively: preduals on the convolution algebra ^i(Z) are far from unique. An 
easy calculation (see Proposition ^. 3l below) shows that a predual for £i(Z) makes the multiplication 
separately weak*-continuous if, and only if, it is shift-invariant regarded as a concrete subspace of 
4»(Z). 

We aim to investigate these preduals from both the Banach algebra and Banach space view- 
point. From the algebra viewpoint, our focus is on exotic weak*-topologies making £i(Z) into a 
dual Banach algebra. For shift-invariant preduals for ^i(Z), we examine possible limit points of 
the set of point masses. From the Banach space viewpoint, we initiate the Banach space classifca- 
tion of shift-invariant preduals. It is important to note that two shift-invariant preduals may be 
isomorphic as Banach spaces, yet induce very different weak*-topologies, so these two viewpoints 
ask quite different questions about our predual. Although it does not really matter in this paper, 
we work with complex scalars throughout. 

In Section [3] we construct a non-canonical shift-invariant predual. This predual is defined to 
be the closed linear span E in ^(Z) of bilateral shifts of the element 

x = (■ ■ ■ 1 2- 1 2- 1 2~ 2 2- 1 2~ 2 2~ 2 2~ 3 2~ x ■■■), (1.2) 

where the 1 appears in the zero'th component of Xq and, for n > 0, the number of l's in the 
binary expansion of n determine the negative exponent of 2 in Xq(ti). We give a direct proof that 
E provides a predual of ^i(Z), which also explicitly describes those elements of ^oo(Z) = C(/5Z) 
which lie in E. With respect to this predual, £2™ — > So/2 in the weak*-topology; indeed it is easily 
seen that for all m e Z, xo(2 n + m) — > xo(m)/2 as n — > 00. However from the Banach space 
prospective, E is isomorphic to Cq. We demonstrate this by using Benjamini's work on G-spaces 
to observe that E is a C(K) space for some countable compact K (though of course the duality 
between E and ^i(Z) is not obtained via the canonical identification of C(K) as a predual of ^i(Z)) 
and then calculating the Szlenk index of E. 

In Section HI we work more abstractly, developing a general framework for the study of shift- 
invariant preduals in terms of compact semigroup compactifications of Z. We show in Theorem 
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14.11 that every shift-invariant predual of i\ (Z) is the preannihilator of the kernel of a bounded 
homomorphism : M(S) — > £i(Z) which is also a projection for some suitable semigroup com- 
pactification S of Z. This machinery enables us to quickly construct a variety of new preduals. In 
Section [5] we give examples of how this can be done and show that the example described in the 
previous paragraph also fits into this setting. We are able to produce preduals by adding finitely 
many exotic weak*-limit points of the point masses, such as the limit 62* — > Sq/2 appearing in our 
previous predual. In particular, given a\, ■ ■ ■ , a*, in £i(Z) and disjoint infinite sets ■ ■ ■ , in 
Z we are able to produce a shift-invariant predual for which S n — > a$ as \n\ — > oo through the set 
jw provided: 

• The a,i are power bounded in £i(Z) (i.e. sup m Ha™ Hi < oo) and convolution powers become 
uniformly small (i.e. Halloo — > as m — > oo); 

• The sets are suitably sparse in a sense that will be made precise later. 

We use the approach to construct shift-invariant preduals which are not isomorphic as Banach 
spaces to Co (see Theorem 15. 8j) and shift-invariant preduals which are not isometrically induced 
(see Example 15. lip . 

It is also possible replace Z by any countable discrete group G (or even a semigroup) and ask for 
dual Banach algebra preduals of i\{G) other than c (G). The work of [T3] applies in this context, 
and shows that such preduals cannot be obtained by the canonical duality between C(X), for a 
countable, compact Hausdorff space X and M(X) = £i(G). We do not pursue arbitrary groups 
here, as even in the case of Z, which has a very simple algebraic structure, the construction of 
shift-invariant preduals is somewhat involved. In the semigroup context, however, it can be much 
easier to produce such preduals: see [H] for a discussion of shift-invariant preduals on Z x Z + . 

Acknowledgements This paper was iniatated during visits of Matt Daws and Richard Haydon 
to Thomas Schlumprecht and Stuart White at Texas A&M University. Matt Daws and Richard 
Haydon would like to thank the faculty at Texas A&M for their hospitality. Matt Daws and 
Stuart White worked on this paper while attending a workshop at the University of Leeds which 
was supported by EPSRC grant EP/I002316/1. 

2 Shift- invariant preduals 

A dual Banach algebra is a Banach algebra which is also a dual Banach space, such that the 
product is separately weak*-continuous. The term was introduced in [51] , but the concept had 
been studied before, see [TBI Section 4] or [31]. A C*-algebra M which is isometric to a dual space 
is a W*-algebra, and then the product, and the involution, are automatically weak*-continuous, 
and M can be weak*-represented on a Hilbert space, that is, M is a von Neumann algebra, see [27]. 
Furthermore, in this case, the predual of M is unique, isometrically. However, Pelczyhski showed in 
[22J that and L^O, 1] are isomorphic as Banach spaces (but not isometrically isomorphic), while 
of course l\ and Li[0, 1] are not isomorphic. Thus the predual of a von Neumann algebra is not 
isomorphically unique. Authors Matt Daws and Stuart White together with Hung Le Pham showed 
in [TBI Theorem 5.2] that a Banach algebra isomorphism (not necessarily isometric) between a von 
Neumann algebra and a dual Banach algebra is always weak*-continuous. For further discussion 
of the uniqueness of preduals for dual Banach algebras, see [131 E] • 

The normal cohomology (that is, topological cohomology taking account of the weak*-topology) 
of von Neumann algebras has been extensively studied, see [291 El] for example. Runde was 
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interested in the dual Banach algebra version of this theory in [21]. For example, he showed in 
[25] that for a locally compact group G, the first weak*-continuous cohomology for M(G) with 
values in a normal bimodule is trivial if and only if G is amenable. If we do not take account of 
the weak*-topology, then G is forced to be discrete as well, [TTj. Of course, here we have to specify 
the canonical predual Cq(G). It would be interesting to know how varying the predual (if possible) 
affects the cohomological properties of M(G). 

We write (•, •) for the bilinear pairing between a Banach space and its dual. Given a closed 
subspace F C ^(Z), the dual space F* is canonically isometrically isomorphic to (X)* / F 1 - 
where F 1 - = {$ G ^(Z)* : = 0, Vi 6 F}. Let t F : £ X (Z) ->■ F* be the composition of the 

canonical embedding re^fz) : ^i(Z) — >■ ^i(Z)** = ^oo(^)* with the restriction map 4o(^)* — ► F*. 
Thus (Lp(a),x) = (x, a) for a G fi(Z) and x £ F. We will say that such an F is a concrete predual 
for £i(Z) if the map tj? is an isomorphism (which is not assumed to be isometric). The next lemma 
shows that we lose nothing by working with these concrete preduals, and so henceforth we shall 
do so. 

Lemma 2.1. Let E be a Banach space and 9 : £i(Z) — > E* be an isomorphism. Then the map 

9*ke '■ E £oo(^) is an isomorphism onto its range, say F C ^(Z). Furthermore, lf is an 

isomorphism so that F is a concrete predual for £i(Z) and the weak* -topologies induced by the 
e 

pairings (^i(Z) = E*,E) and (£i(Z),F) agree. That is, given a net (a a ) in £i(Z) ; we have that 
lim a (9(a a ),x) = for all x G E if and only if\im a (y, a a ) = for all y G F. 

Proof. Let T = 9*k,e '■ E — > ^(Z). Since, for a G ^i(Z) and x G E, 

(T*K ei (z)(a),x) = (T(x),a) = (9*K E (x),a) = (9(a), x), (2.1) 

it follows that T*K^n-\ = 9. So, for x G E, 

\\T(x)\\ = sup{|(T(a;),a)| : a G h(Z), \\a\\ < 1} 

= sup{\(9(a),x)\ : a G h(Z), \\a\\ < 1} > J^L. (2.2) 

As T is bounded below, we regard T as being an isomorphism onto its range F. Then, for a G £i(Z) 
and x G E, 

(T*L F (a),x) = (T(x), a) = (9(a), x), (2.3) 

so that T*lf = 9. Hence Lf = (T*)~ 1 9 is an isomorphism, and so F is a concrete predual of £i(Z). 
A net (a a ) in £i(Z) is null for the (^(Z), F) topology if and only if 

= \im(T(x), a a ) = lim(9(a a ),x), xeE. (2.4) 

a a 

That is, if and only if (9(a a )) is weak*-null in E*, as required. □ 

It is easily checked (see [131 Proposition 2.2]) that in the situation above, 9 is isometric if and 
only if is isometric. In this case we say that the predual is an isometric predual of t\(%). The 
setting of concrete preduals also enables us to easily detect whether two preduals Fi,F 2 C £oo(Z) 
induce the same weak*-topology on £ X (Z). This happens if, and only if, they are equal as subspaces. 

Lemma 2.2. Let E\ and E 2 be preduals of ^i(Z), and use these to induce concrete preduals 
F\,F 2 Q £oo(Z) as above. Then E\ and E 2 induce the same weak* -topology on ^i(Z) if and only if 
F\ = F 2 . 
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Proof. It is immediate from the previous lemma that E\ and E 2 induce the same weak*-topology 
when F% = F 2 . Conversely, for i — 1, 2, let 9i : — >■ E 1 * be an isomorphism, and suppose that 
these induce the same weak*-topology on ^(Z). Towards a contradiction, suppose there exists 
x E F 2 \ Fi. By Hahn-Banach, there exists A E 4o(^>)* wrtn (A, 2) = 1 and (A,y) = for 
each y E Fi. Let (a a ) be a bounded net in £i(Z) which converges to A weak* in (Z)*. Then 
lim^d/, a a ) = for y E F±, so by the previous lemma, (8i(a a )) is weak*-null in E{. By assumption, 
it follows that (^(a a )) is weak*-null in E%, but this contradicts that 1 = (A,x) = lim a (x, o a ), as 
x E F 2 . This shows that F 2 C F 1; and analogously, Fi CF 2) as required. □ 

In a similar vein to the lemma above, concrete preduals F\ E F 2 E (Z) must be equal. Of course, 
it is possible that preduals Fi,F 2 C ^(Z) inducing different weak*-topologies are isomorphic as 
Banach spaces. Examples of this phenomena will be given in Section [3j 

We now turn to the preduals which interest us in this paper. We call a predual satisfying the 
equivalent conditions of the following easy proposition shift-invariant. 

Proposition 2.3. Let F C ^(Z) be a concrete predual for ^(Z). Then the following are equiva- 
lent: 

1. The bilateral shift on £i(Z) is weak* -continuous, with respect to F; 

2. The subspace F is invariant under the bilateral shift on (Z); 

3. ^i(Z) is a dual Banach algebra, with respect to F. 

Proof. Let 5i E ^i(Z) be the unit point mass at 1. Then convolution by 5i induces the bilateral 
shift on £i(Z), and under the convolution product, 5± generates the commutative Banach algebra 
£i(Z). It follows that conditions (1) and (3) are equivalent. 

Let a be the bilateral shift on £i(Z), so that a* is the bilateral shift (going in the other direction) 
on £oo(Z). If (1) holds but (2) does not, we can find x E F\ a*(F). So (cr*) _1 (x) ^ F, and so by 
Hahn-Banach, we can find $ E 4o(2^)* with ($, (cr*) -1 (x)) = 1 and ($,?/) = for all y E F. Pick 
a bounded net (a a ) C ^(Z) which converges weak* to <3>. Then \im a (y, a a ) = for y E F, so that 
(a a ) is weak*-null for the weak*-topology given by F. Hence also (o" _1 (a a )) is weak*-null, so as 
x E F, 

= lim(x, o--\a a )) = lim((a*)" 1 (x), a a ) = ($, (a*)-\x)) = 1, (2.5) 

a a 

giving the required contradiction. A similar argument holds if x E o~*(F) \ F. Thus (1) implies (2). 
Conversely, when (2) holds, let (a a ) be a weak*-null net in £i(Z) and let x E F. Then a*(x) E F 
and so (x,cr(a a )) — > 0. So (a(a a )) is weak*-null, showing (1). □ 

As well as the convolution product, £i(Z) admits a natural coproduct: 

T : £ X (Z) ->^(ZxZ), 5 n ^ 8 {n>n) . (2.6) 

Given a predual F E for £i(Z), the Banach space injective tensor product F(E)F gives an 

associated predual for ^(Z x Z) (see [131 Proposition 3.2] for details) and it is natural to ask 
which preduals make T weak*-continuous. In the same vein as the previous proposition, this can 
be characterised algebraically. Indeed, [121 Lemma 3.3] shows that T is weak*-continuous with 
respect to F if and only if F is a subalgebra of E^ (Z) (with the pointwise multiplication). Then 
[T3| Theorem 3.6] shows that if F C £00 (Z) is a predual making both the multiplication and 
comultiplication weak*-continuous, then necessarily F = cq(Z), i.e. the canonical weak*-topology 
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is the unique topology making all the natural operations suitably continuous. In particular, given 
a countable compact Hausdorff space X, we have a natural pairing between C(X) and £i(Z) = 
M(X) = £i(X), and following through the isomorphisms involved in exhibiting C(X) as a concrete 
predual, we obtain a subalgebra of ^(Z). As such [13] prevents these pairings from providing new 
shift-invariant preduals of ^i(Z), though as we will see, with other pairings even Co(Z) can be 
used to give many different shift-invariant preduals of £i(Z). Note too that the pairings between 
these C(X) and £i(Z) resolve the "co- version" of the problem under consideration (namely exhibit 
non-canonical preduals making the comultiplication continuous). It is a little surprising that it 
is much easier to make the coproduct on £i(Z) weak*-continuous, than it is to make the product 
weak*-continuous. 



3 An explicit construction 

In this section we give a direct construction of an uncountable family (-Fa)|a|>i of "exotic" shift- 
invariant preduals of £i(Z). As subspaces of £00 (Z) they are pairwise distinct, and distinct from 
Co, so induce an uncountable family of distinct weak*-topologies making £i(Z) into a dual Banach 
algebra. 

Fix A G C with |A| > 1. For n > in Z, let b(n) be the number of ones in the binary expansion 
of n, so 6(1) = 1,6(2) = 1,6(3) = 2,6(4) = 1 and so forth. For n < 0, set 6(n) = —00. Define an 
element x$ G (Z) by Xo(n) = \~ b ( n \ with the convention that \~°° = 0. Thus Xq is given by 

x = (• • • 1 A" 1 A" 1 A" 2 A" 1 A" 2 A~ 2 A~ 3 A^ 1 • • • ) (3.1) 

where the 1 occurs in the n = position of Z. Let F be the closed shift-invariant subspace of £oo (Z) 
generated by xq, i.e. the closed linear span of the bilateral shifts of xq. In Theorem 13. 41 we will show 
that these F give preduals of £i(Z) by demonstrating that the canonical map lf '■ ^i(Z) — > F* is a 
bijection. When we need to indicate the dependance on A, we will write F^ and x^ respectively. 

Write a for the bilateral shift on (Z) so that o[x){n) = x(n — 1) for x G ioo (Z). As a technical 
device, we introduce a bounded linear operator r : (Z) — > ^(Z), defined by 

.... f x(n/2) n even: 
r(x){n) = { V 1 ' ' (3.2) 

10 n odd. 

This has the effect of spreading out x, for example 

t{x ) = (• • • 1 A^ 1 A" 1 A~ 2 A" 1 A" 2 A" 2 A~ 3 A" 1 • • • )• (3.3) 

Note that 

to = a 2 r. (3.4) 

Indeed, for n G Z even, 

T a(x)(n) = a{x){n/2) = x(n/2 - 1) = r(x)(n - 2) = a 2 r(x)(n), (3.5) 

while for n odd, both sides above are trivially zero. As k tends to infinity, r fe (xo) behaves like So 
as a functional on .^(Z). We shall use this phenomenon to establish the injectivity of Lp and so 
we begin by showing that these r k (x ) lie in the subspace F. 

Lemma 3.1. With the notation above, r k (x ) G F for k > 1. 
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Proof. We claim that 

oo 

(id - X~ 1 a)(x )(n) = (A - 1) ^ X~ j T j (x )(n), n G Z. (3.6) 

j'=i 

For n < 0, both sides of (13.61) evaluate to zero. At n = 0, we have (id — A _1 cr)(x )(0) = 1, while 
r- J (xo)(0) = 1 for all j so that the righthand side of C I3 . 61) sums to 1. Fix n > 0, and write the 
binary expansion of n as 

i 

j=k 

where (ej) C {0, 1} and = 1. It follows that 

k-1 i 
3=0 j=k+l 

and so b{n — 1) = b{n) — 1 + k. Since r J (x )(n) = x (n) for j < k, and r- 7 (x )(^) = for j > k, 
we compute that 

(id - A-V)(x )(n) = x {n) - X^xoin - 1) = A^ (n) - \- b ^- k (3.9) 

k 

= (1 - \- k )x {n) = (A - 1) X ~ jx o( n ) ( 3 - 10 ) 

fe oo 

= (X-1)J2 A-V(x )(n) = (A - 1) ^ A~V(a;o)(n) (3.11) 

to obtain (13. 6p for n > 0. 

Applying (id — A -1 r) to (13. 6p yields 

oo oo , 1 

(id - A-V) (id - A- V) (x ) = (A - 1) ( J2 A"Mz ) ~ A_i ^Oo)) = -^-t(x q ). (3.12) 

3=1 3=2 

Then, first solving A3. 12[) for (id — A~V)(xo), and then applying (13. 4p . gives 

(id - A~V) (,T ) = ^-^r(x ) + A _1 r(id - A^V)^) = r (id - A~V) (x ) (3.13) 
A 

= (id- A-V)r(xo). (3.14) 

Now, ||A _2 <t 2 || = |A~ 2 | < 1 and so (id — A _2 <7 2 ) is invertible with the standard power-series 
expansion, and hence 

oo 

t(x ) = (id-A-V) _1 (id- A-V)(x ) = ^A- 2 V 2j (id-A-V)(x ). 

3=0 

In particular, t(xq) G F, as F is shift-invariant and closed. Using this expression, and that 
to = cr 2 r, it is now easy to see that T h (xo) G F for all k > 1. □ 
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Lemma 3.2. The map lf '■ ^i(Z) — > F* is injective. 

Proof. Let k G N, so that r fc (x )(n) = if |n| < 2 fc and n ^ 0, while r fc (a;o)(0) = 1. Thus, for 
a = £ ^i(Z), we see that ao = lim / t^ 00 (r A: (xo), a). It follows that, if lf{o) = 0, then a = 0. 
By shift invariance, we see that if tp{a) = 0, then a n = for all n G Z, that is, a = 0, and so is 
injective. □ 

We now turn to the surjectivity of Lp. For this we utilise the Stone-Cech compactification /3Z 
of Z. We regard /3Z as the space of ultrafilters on Z and write Z* = /3Z \ Z for the non-principal 
ultrafilters on Z. The topology on /3Z has basis 

= {Wg /3Z :AeW}, ACZ. (3.15) 

and, as /3Z\ (9^ = Oz\a, these sets are also closed in /3Z. We make the canonical identification of 
^oo(Z) with C((3Z) by extending elements x G ^oo(Z) to /3Z by setting x{U) = lim x{n). 

For t G Z define 

X[ l) = {U g Z* : Vm > 0, {2 n + 1 : n > m} G W}. (3.16) 

As non-principal ultrafilters cannot contain a finite set, it follows that any non-principal ultrafilter 
containing {2 n + 1 : n > 0} must lie in X^\ For A; > 1 and t G Z, define 

= {W G Z* : Vm > 0, {2 ni + • • • + T k + t : m < n x < n 2 < ■ ■ ■ < n k } G U) . (3.17) 

Each is the intersection of sets of the form Oa H Z* and so these sets are closed. Write 
for the complement of [j t k Xf in Z* . 

Lemma 3.3. With the notation above, Z* is the disjoint union of X^ and the sets x[ k \ 

Proof. Suppose that X { s k) n xf ] is non-empty, and fix IA in the intersection. This means that for 
all n, m > 0, 

{2 ni + • • • + 2 nk + s : n < n x < ■ ■ ■ < n k } n {2 mi + • • • + 2 mi + 1 : m < m 1 < ■ ■ ■ < mi} (3.18) 

is an element of U. Choose n = m so that 2 n > \s — t\. Suppose that for some n < n\ < ■ ■ ■ < n k 
and m <m\ < • • • < m h we have 

2»i + . . . + T k + (s - t) = 2 mi + • • • + 2 mi . (3.19) 
Now, J2 l j=\ 2 mj > 2 mi > 2 m , and so 

k l-l 

2 mi = J22 n * + (s-t)-J2 2 mj < 2 " fc+1 + |s - t| - 2 m < 2 nfc+1 , (3.20) 
i=\ j=i 

which implies that mi < n k . By symmetry, mi = n k . We can then cancel n k and m; from (13.191) 
and argue in the same way to see that k = I and that mj = Hi for all i. Thus also s = t. □ 

We can now complete the proof that the provide shift-invariant preduals of £i(Z). The 
remaining step is to show that the map i F (\) is surjective. Our calculations also give rise to an 
intrinsic characterisation of the elements of F^ x \ 
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Theorem 3.4. is a shift-invariant predual of t\(Jh), and consists of those x G £00 (Z) 
which, under the canonical identification of '^(Z) wift C(/3Z), satisfy 

x{u) -\o, wa<»). (3 ' 21) 

Proof. Let us write G for the closed subspace of ^ (Z) = C(/3Z) given by the conditions in (13.211) 
and note that G is shift-invariant. For an ultrafilter W G /3Z and s G Z, we write W + s = {A + s : 
A G W} and note that U + s G Z* if and only if W G Z*, and that for some t G Z and G N, we 
have U G xf } if and only if U + s G X^. We first show that x G G so that F C G. For t > 
and n sufficiently large, 6(2" + 1) = 6(£) + 1 so that 

lim x (2 n + t) = A _1 xo(t). (3.22) 

Let t < 0, and write — i = X/|=o £ i^' w ith (£j) C {0,1}. For each j, let e^- = 1 — e^-, so that 
J2 k j=0 £ j 2j + J2 k =o £ 'j 2j = 2?c+1 - 1, and hence for n > k + 1, 

fc n— 1 fc 

2" + t = 2" - 2 k+1 + - ^ Ej2^ = 1 + ^ 2 J ' + (3.23) 

Notice that as not every Ej = 0, there is some j with e'j = 0. This ensures that 1 + ^jS'p? < 
2 k+1 — 1, and hence 6(2" + t) > n — k, which gives 

lim x (2 n + t)= lim A^ 2 "^ = = x (t). (3.24) 

It follows that x (U) = A _1 x (t) for U G Xjp and i G Z. Applying these limits twice gives 

lim lim x (t + 2 ni + 2" 2 ) = lim A _1 x (t + 2" 1 ) = A" 2 x (t), t G Z, (3.25) 

so that xq(U) = \~ 2 xo(t) for W G X^. For k > 2 and t G Z, arguing in this fashion with fc-iterated 
limits shows that x (U) = \~ k x {t) for U G X t . 

We complete the proof that Xq G G by checking that Xq(U) = for £Y G X^ 00 ). If this is not 
the case, then there exists U G with xq{U) 7^ 0. As xo takes the values {0} U {A~ fc : k > 0} 

on Z, and this set has only as a limit point, it follows that Xq(U) = \~ k for some k > 0. As such 

{2 ni + • • • + 2 n " : m < n 2 < ■ ■ ■ < n k } = {n > : 6(n) = fc} = {11 G Z : x (n) = A" fc } G W (3.26) 

As U G" Xq , there exists mi > such that 

Z \ {2 ni + ■ ■ ■ + 2" fc : mi < ni < n 2 < ■ ■ ■ < n k } G U. (3.27) 

Intersecting the sets in (13.261) and (13.27P gives 

{2" 1 + • • • + 2" fc : m < n 2 < ■ ■ ■ < n k , m < G W. (3.28) 

As U is an ultrafilter, there exists a fixed Zi G {1, 2, • ■ ■ , mi} such that 

{ 2 h + 2 «2 + . . . + 2 nfc : /1 < n 2 < ■ ■ • < n fc } G W. (3.29) 
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As U G" 1 , there exists m 2 > such that 

+ + . . . + 2 n * : / x < n 2 < • ■ • < n fc , n 2 < m 2 } G W. (3.30) 

We then fix / 2 , and argue the same way, to eventually conclude that we can find fixed l\ < I2 < 
■ • ■ < lk-i with 

| 2 ii + 2 h + . . . + 2 h-i + 2 n * : / fc-1 < G W. (3.31) 

However, this shows that W G for t = 2 l1 + • • • + 2 ifc - 1 , a contradiction. Therefore xo G G and 
so F C G. 

Since F <Z G, the canonical map tp is the composition of Iq followed by the restriction map 
from G* onto F*. By Lemma [3.2[ ip is injective and hence so too is Lq- We now turn to surjec- 
tivity. Given fi G G*, extend fi via the Hahn-Banach theorem to a element of M(/3Z) = C(/3Z)*. 
Lemma [3731 ensures that the sets X^°°\ (X t )t e z, k>o are pairwise disjoint. Therefore, for x G G, 
we can apply countable additivity and the defining identity (I3.2ip to obtain 



(fi,x) 



n n OO /i 

/ x dfj, = xdfi + y ( x(t)fx({t}) + / / x dfi) (3.32) 

oo 

£ x(t) (ji{{t}) + A-V(^t W )) • (3-33) 



tez fc=i 
Thus (/i, = (2, a) for each x G G, where a = (a t ) G £i(Z) is defined by 



at = MM) + X] A-V(* t (k) ), * G Z ' ( 3 - 34 ) 



fe=i 



As such t G , and hence tp, is surjective. By the Open Mapping Theorem, both tp and lq are 
isomorphisms. Hence both F and G are preduals and F = G. □ 

Since concrete preduals E 1 ,E 2 C ^oo(Z) for £i(Z) induce the same weak*-topology if and only 
if Ei = E 2 , it immediately follows that the family F^ x ' provide uncountably many distinct weak*- 
topologies turning £i(Z) into a dual Banach algebra. 

Corollary 3.5. The family (_p( A ) ) |^|>i induces a continuum of distinct weak* - topologies on ^i(Z) 
making the multiplication separately weak* -continuous . Each of these topologies is distinct from 
the topology induced by the canonical pairing of cq with £i(Z). 

Proof. This amounts to noting that Xq (jL cq for all A, which is immediate, and that x^ G F^ if 
and only if A = /i, a consequence of the characterisation of F^ in (13.210 . □ 

Next we examine the preduals F^ as Banach spaces; while they give different weak*-topologies 
from the canonical predual, it turns out that, purely as a Banach space, these preduals are all 
isomorphic to cq. We begin with a pleasing form of the principle of local reflexivity which enables 
us to extend a finite sequence to an element of F which behaves well outside the initial sequence. 

Lemma 3.6. Let y G ^oo(Z) be a finitely supported sequence with support I C Z (that is, I is a 
finite subset ofL and y(t) = for t ^ I). Then there exists x G F with x(t) = y(t) for t G / and 
\x{t)\ < A-%|U for t<£L 
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Proof. Since F is shift-invariant, we can shift y and assume that / lies in some interval [1,2*] HZ 
for some fceN. Then define 

x = J2y(n)a n r k (x ), (3.35) 

71=1 

where a is the bilateral shift and r the operator defined in (13.21) . Lemma EH] shows that r k (xo) G F, 
and so x G F . For s, r G Z with 1 < r < 2 fc , we have 

x(2 fc s + r) = ^ y(n)r fe (x )(2 fe s + r - n). (3.36) 

71=1 

The terms in this sum are zero unless 2 k s + r — n is divisible by 2 fc , so only the n = r term 
contributes. Therefore x(2 fc s + r) = y(r)xo(s). As xo(0) = 1, we can take s = to obtain that 
x(r) = y(r) for 1 < r < 2 fc , so x extends y. When s ^ 0, we have 

\x(2 k s + r)\ = \y(r)\\x (s)\ < X^WyWvc (3.37) 

as \x(s)\ < A -1 for s^O. □ 

Remark 3.7. The previous lemma also shows that the preduals F^ are isometric preduals of 
£i(Z), in that the canonical map ip is an isometry. Indeed, given a G ^i(Z), we estimate 

||tF(a)|| = sup \(a,y)\ > sup \(a,x)\ = ||a||^( 2 ). (3.38) 

ll^ll^ 1 lkll<l 

where the inequality is established by choosing a finitely supported element x which approximates 
the second supremum and using the previous lemma to produce a suitable y. Since \\lf\\ < 1, it 
follows that lf is isometric. 

Let K be a compact Hausdorff space. Recall that a closed subspace X of C(K) is called a 
G space if there is an index set A, and for each a G A, there are x a ,y a G K and A Q such that 
X = {/ G C(iC) : /(x Q ) = A a /(y Q )}. In [1], Benyamini proved that every separable G space is 
isomorphic to a space of the form C(L) for some compact Hausdorff space L. As noted at the end 
of [3], this result holds for both real and complex scalars. The characterisation of our preduals 
pW given in Theorem 13.41 show that these preduals are G-spaces, so Benyamini's result shows that 
each F^ is isomorphic, purely as a Banach space, to some C(L) space. To compute which space 
L occurs, we shall use the Szlenk index, which classifies the isomorphism classes of C(L) spaces. 

The Szlenk index was introduced in [30] ■ There are a number of equivalent definitions of the 
Szlenk index, but we shall follow Rosenthal's survey article [23], as this also gives a self-contained 
treatment of the Szlenk index of C(K) spaces. For a separable Banach space E which contains no 
isomorphic copy of £ , it is shown in [23] Proposition 2.17] that the definition we give below, and 
Szlenk's original definition, give the same index. Notice that if E is a predual of £i(Z), then these 
conditions do apply to E. 

Fix e > and set Po(s) = {// G E* : \\fj,\\ < 1}. For a countable ordinal a, supposing we have 
defined Pp for (3 < a, we define P a+ x(e) to be the weak*-closure of 

j/i G P a (e) : 3(/i n ) C P a (e) with // n — > \i weak*, and ||/i n — //|| > e, n G n|. (3.39) 
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Note that here we only consider sequences (fi n ), and not nets. If a is a limit ordinal, then we set 
= fVa P p( £ )- Th en define 

r){e, E) = sup{a : P a (e) ^ 0} (3.40) 

if this exists, or set rj(e,E) = u±, the first uncountable ordinal, otherwise. Finally, the Szlenk 
index of E is defined as rj(E) = sup e>0 r)(e, E). Let us note that if r)(e,E) < ui, it must be 
a successor ordinal. Indeed, from the compactness of the P a (e), a < r](e,E), it follows that 
C\a<ri(e e) Pa( £ ) 7^ ^' an d thus r](e,E) cannot equal sup a<v ^ eE ^a. On the other hand, r](E) is 
always a limit ordinal, in fact, if E* is separable, then r](E) = u a for some countable ordinal a [1, 
Corollary 3.10]. 

The condition that i\ does not embed into E ensures that i](E) < u\ if and only if E* is 
separable and so all our preduals have countable Szlenk index. 

It is also common to define the Szlenk index without taking the weak*-closure; see [T9| Sec- 
tion 3] for example. Bessaga and Pelczyhski showed in [7] that if K is an (infinite) countable 
compact metric space, then C(K) is isomorphic to C(u; wa + 1) for some countable ordinal a > 0. 
Furthermore, C (w u ° + 1 ) and C(u} u +1) are isomorphic only when a = (3. Then Samuel showed in 
[28] that r](C(u uja + 1)) = u a+1 . In particular, we have that c = c = C^u 1 + 1) and so r/(c ) = to. 
A self-contained treatment of these results is given in [23l Section 2]. 

Theorem 3.8. For any \, the Szlenk index of F^ is cu, and so F^ is isomorphic to cq, as a 
Banach space. 

Proof. Fix e > 0. For r > 0, denote by £x(Z)[ r ] the closed ball of radius r in £i(Z). Suppose that 
P a {e) C 4(Z) [r] . We will show that P a+ i{e) C t x {Z) [rl] where 



el- 


M 


-1 


31 + | 


M 


-1 



(3.41) 



We recall that Remark 13.71 shows that F^ is an isometric predual, and so we can use the 
£i-norm on (F^)* = £i(Z) when computing the Szlenk index. We note that 

P a +i{e) C P a (e) \ [J {U : U is weak*-open with diam([7 n P a {e)) < e) (3.42) 
C {a G P a {e) : 3(a n ) C P a (e), a n a weak*, and 

IK - a ll > ^/3} (3.43) 

C |a g £i(Z)[ r ] : 3 (a n ) C ^(Z)^], a n — > a weak*, and \\a n — a\\ > e/3}. (3.44) 

Here, for a subset X of a normed space, diam(X) = sup{||a; — y\\ : x,y G X}. It follows that if 
x G X and \\x — y\\ < e/3 for all y G X, then diam(X) < 2e/3, which shows the containment 
(13331). 

So, let a G £i(Z)[ r ] and choose a sequence (a*™)) C ^(Z)^] converging weak* to a (with respect 
to the topology induced by F^) and with ||a — || > e/3 for all n. By passing to a subsequence, 
we may suppose that for each k G Z, the scalar sequence (a^ ) converges, say to b^. Then 

Let S > be much smaller than e, and choose X such that J2\k\>N \ a k\ < ^ an d S|fc|>jv 
Choose a norm one element y G ^oo(Z) such that y(k)(a k — 6 fc ) = |a& — 6fc| for < X and with 
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y(k) = when \k\ > N. By Lemma [3.61 there is some x G F^ with x(k) = y(k) for \k\ < N and 
\x(k)\ < X- 1 for \k\ > N. Then 

Ex k a k = (x,a) = lim(x,a (n) ) = V* a; fc & fc + lim V] x fc a[. n) , (3.46) 



n— >oo 

fceZ |fc|<JV |k|>JV 



and so 



^ |o fe - 6*1 - ^ |a A | < ^ |a fc - b k \ - | ^ a k x k \ = ^ x fc (a fe - b k ) - | ^ a fc x fc 

|fc|<7V \k\>N \k\<N \k\>N \k\<N \k\>N 

fcez |fc| <iv |fcj>7V 

< (ArMiminf V |4 n) |. (3.47) 

|fc|>iV 

Then 

e/3 < liminf \\a^ — a\\ = liminf y* |a& — a k \ = | — 6^1 + liminf \a k — cli^\ 

k£Z \k\<N \k\>N 

i > ^ I ^ I ^ . I I ^i" I 1 l v-vi inf ^ I £j ( ^ I 



< I Ar 1 liminf V |aS. n) |+ V \a k \ + 5 + liminf V 

\k\>N \k\>N \k\>N 

< 25 + (1 + (A)" 1 ) liminf V |4 n) |. (3.48) 



n— >oo 

|fe|>iV 



Since each a*" - ) has ^-norm at most r, we have that 



liminf V |4 n) | + V |6 fc | = liminf V |4 n) | < r, (3.49) 



n— >oo 

|/c|>iV |fc|<iV 



Combining the estimates (13 .47ft . (13.481) and (13.491) gives 
IMk(Z) < E K - ^l+ |6 fc | + E l flfc l 

|fc|<iV |Jfe|<iV |Jfe|>iV 

< f<5+ I A]" 1 liminf V |a|L n) f) + fr- liminf V \a[ n) \] + 5 

|fc|>V |Jfe|>iV 

= 25 + r- (1 - | A]" 1 ) liminf V |4 n) | 

\k\>N 

<25 + r- (5/3-2(5). (3.50) 

Since 5 > was arbitrary, we have ||a|| < r', where r' is given by (13.41 j) . as claimed. 
By induction, we see that for any a G N, we have 

P a (e) C {a G 4(Z) : ||a|| < 1 - «|^{}, (3-51) 

and so r](F^ x \e) is finite for all e > 0. Hence ri(F^) = to. It then follows that F^ is isomorphic 
to c by the discussion following Remark 13.71 □ 
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Remark 3.9. Note that the only property of the preduals used in the proof of Theorem 13.81 is 
the strong form of the principle of local reflexivity obtained in Lemma 13761 We also used in the proof 
that is an isometric predual, but an easy modification would work for a merely isomorphic 
predual. Thus any predual E satisfying the conclusion of Lemma 13.61 (for some |A| > 1) has Szlenk 
index u. 

4 Preduals and semigroup compact ificat ions 

In this section we formulate a characterisation of shift-invariant preduals of ^i(Z) as submodules 
of the space M(S) = C(S)*, where S is a semitopological semigroup compactification of Z. In the 
next section we will use this characterisation to produce more examples of shift-invariant preduals. 

A semitopological semigroup is a semigroup (S, +) endowed with a topology which renders 
addition separately continuous. If furthermore S is compact and Z can be densely embedded 
into iS, so that this embedding is a semigroup homomorphism, we say that S is a semitopological 
semigroup compactification of Z. 

Assume that S is such a semitopological semigroup compactification of Z. We consider Z to 
be a subset of S. Since Z is dense in S, S is an abelian semigroup. The dual of the space of 
continuous function on S, C(S), can be identified with the space M(S) of Borel measures on S 
with bounded variation, and ^i(Z) is in a canonical way a subspace of M(S). The convolution on 
4(Z) extends to a convolution on M(S), i.e. for $, ^ G M(S), 

(***,/> = f f(s + t) d${s) dtt(t), f G C(S). (4.1) 

The fact that ($ * /) is well defined and that $ * \I> g M(S) is a consequence of [TTJ , the proof 
of which shows that (s,t) i-> f(s + 1) is measurable with respect to the product measure $ x ty. 
As such Fubini's theorem allows us to interchange the order of integration in (14.11) and hence * is 
commutative. In this way M(S) is an abelian Banach algebra under convolution. By restriction, 
we can regard C (S) as a space of bounded functions on Z. As Z is dense in S, this identifies C (S) 
with a subspace of ^(Z). 

We can now state our characterisation of shift-invariant preduals of ^i(Z) in terms of semi- 
group compactifications. At this stage we prove the first part of the theorem, showing that this 
construction induces shift-invariant preduals. We return to prove part 2 of the theorem, which 
demonstrates that every shift-invariant predual arises in this way, in Proposition 14.31 

Theorem 4.1. 1. Let S be a semitopological semigroup compactification ofL. Let® : M(S) — > 
£i(Z) be a bounded projection which is also a homomorphism with respect to convolution. 
Define 

F= ± ker = {/ G C(<S) : /) = 0, for all ^ G ker 0}. (4.2) 
7/ker0 is weak* -closed, then F , identified as a subspace oj ' i^iTL), is a shift-invariant predual 

ofi.m- 

2. Conversely, if E C ^(Z) is a shift-invariant predual o/£i(Z) then there exists a semitopolog- 
ical semigroup compactification S ofZ, and a bounded projection : M(S) — > t\(7L), which 
is a homomorphism with respect to convolution, such that ker is weak* -closed in M(S), and 
such that E = -""ker©. Moreover, S can be chosen so that the map S — > £i(Z), s h-> 0(<5 s ), 
is injective. 
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Proof of Theorem ^..1 , part 1. As is a bounded homomorphism, ker is an ideal in M(«S), and 
so F = 1 ker is a closed i\ (Z)-submodule of C(S). Let E C £oo(Z) be the image of F. It follows 
that F is shift-invariant. We need to show that le '■ ^i(Z) — > E* is an isomorphism; by the Open 
Mapping Theorem, this is equivalent to showing that le is bijective. 

Let a G ^i(Z) with le{o) = 0. Viewing a as a member of M(S), it follows that (a, x) = 
for all x G F, so a G ("'"ker©)- 1 . As ker© is weak*-closed, it follows that ker© = (-'-ker©)- 1 , so 
a G ker©. But 0(a) = a, so a = 0, and we conclude that le is injective. For surjectivity, take 
fi E E*. As Z is dense in S, the restriction map C(S) — >■ ^(Z) is an isometry, and hence the map 
F — > E is also an isometry, which induces fi G -F* associated to /i. Take a Hahn-Banach extension 
A G C(<S)* = M[S) of /L As A - 0(A) e ker©, we have 

(0(A), x) = (\,x) = (jl,x), for all x G F = ± ker© (4.3) 

It follows that l e {Q{\)) = /i- □ 

In order to prove part 2 of Theorem 14.11 in Proposition 14.31 below and to associate semigroup 
compactifications to our shift- invariant preduals, we use weakly almost periodic functionals. While 
this theory is well developed in the abstract setting of Banach algebras and dual Banach algebras 
(see [12] for example) we only need it as it applies to ^i(Z), which we now review for the reader's 
convenience. An element y G ^oo(Z) is weakly almost periodic if the orbit of /i under the bilateral 
shift is a relatively weakly compact set. Alternatively one can use the Arens products □ and O 
on £oo(Z)* = £ X (Z)** to specifiy the weakly almost periodic functionals. Given a Banach algebra 
A, recall that A* has an A-module structure given by 

(a ■ fj,,b) — (fi, ba), (/i ■ a, b) = (/i, ab), \i G A* ,a,b G A. (4.4) 

We can also define actions of A** on A* by 

(&-li,a} = ($r,[jL-a), (pi ■ a) = a ■ fj), a G A, y, G A* G A** . (4.5) 

Finally, we define 

(^f 1 m 2 ,y) = (^ h ^ 2 .fi), (^O^/i) = (* 2 ,//.*i), /jei^i,* 2 er. (4.6) 

Then □ and O are associative, contractive products on A**, called the Arens products. The 
canonical map ka '■ A — > A** becomes a homomorphism for either Arens product. These products 
can also be described via iterated limits. Given \l/ 2 G A**, take bounded nets (ai, a ) and {a 2ia ) 
in A converging weak* in A** to and ty 2 respectively. The Arens products ^iD^ and ^iO^ 
are then described by the following iterated limits (which are well defined): 

(^iD^ 2 ,/i) = limlim(/z,ai jQ a 2i/3 ), (^i0^ 2 , //) = limlim(/i, a la a 2t/3 ), fiEA*. (4.7) 

/3 /3 a 

We now concentrate on the case that A = i\ (Z) with the convolution. The weakly almost periodic 
functionals are characterised as those fi G ^oo(Z) for which {^f 1 0^ 2 , f) = (^i^^2,A i ) for all 
^2 ^ ^00 (Z)*. This follows from the proof of Lemma 3.3 in [15] . 

Write WAP(Z) for the collection of these almost periodic elements of ^(Z). The relevance of 
WAP(Z) to shift-invariant preduals is given by the next proposition. 

Proposition 4.2. Let F C £00 (Z) 6e a concrete shift-invariant predual for £i(Z). T/ien F C 
WAP(Z). 



15 



Proof. Given ^1,^2 G ^oo(Z)*, take bounded nets (ai, a ) and (02,/?) in £i(Z) converging weak* in 
£oo(Z)* to \&i and ^2 respectively. After passing to subnets we can assume that (ai, Q ) and {a 2 ,p) 
are weak*-convergent to a 1; a 2 G ^i(Z) respectively with respect to the duality between F and 
£i(Z). For fi G -F, it follows from the fact that the convolution multiplication in £i(Z) is separately 
weak*-continuous, that 

(^iD^ 2 ,A t ) = limlim(/i, ai jQ * a 2 „s) = lim(//, a 1>a * a 2 ) = (fi, ai * a 2 ) 

= lim(//, ai * a 2j/3 ) = limlim(/i, ai >a * a 2)j3 ) = (\PiO\I>2, //)• (4.8) 

/8 /3 a 

Thus F C WAP(Z). □ 

The descriptions above imply that WAP(Z) is closed under multiplication (in ^(Z)) and under 
taking adjoints, and it is therefore a C*-subalgebra of (Z), which is invariant under the bilateral 
shift and contains the unit 1 of (Z). Write Z WAP for the character space of WAP(Z), so that the 
Gelfand transform gives a canonical isometric isomorphism WAP(Z) = C(Z WAP ). Each member 
of Z induces a character on Z WAP by evaluation, and this gives us a map Z — > Z WAP which has 
dense range. Since co(Z) C WAP(Z), this map is injective and so Z WAP is a compactification 
of Z. As we will review below, Z WAP has a natural semigroup structure coming from the Arens 
products. Furthermore, it is the maximal semigroup compactification of Z, in the sense that given 
any other compact semitopological semigroup S and a homomorphism : Z — > S, with dense 
range, then there exists a (necessarily unique) continuous homomorphism : Z WAP — > S, such 
that the following diagram is commutative: 

Z^^S (4.9) 



z wap 

Let F C WAP(Z) be a closed, shift-invariant subspace. Using the representation (14. 7p the 
Arens products can be used to show that the product on F* = ^(Z)* / F 1 - given by 

(q 1 + F ± )(V 2 + F ± ) = (q 1 m 2 ) + F ± = (q 1 Oy 2 ) + F ± , ^2 G ^oo(Z)*, (4.10) 

is well defined and turns F* into a dual Banach algebra (see [121 Proposition 2.4], or, as ^i(Z) is 
commutative, see [201 Lemma 1.4]). Now consider a shift-invariant C*-subalgebra B of WAP(Z) 
containing 1. Given fi,u E B and n G Z, we have 

(/j,u-8 n ,8 m ) = (fiv)(n + m) = fi(n + m)v(n + m) = ((/i • <5„)(z/ • <5 n ), 5 m ), m G Z, (4.11) 

so that (//z/) ■ 5 n = ([A - 6 n )(v ■ 8 n ). Thus, for a character \1/ on 5, 

A) = (V,fJiv5 n ) = (V,ti-5 n )(*,u-5 n ) = A), neZ, (4.12) 

so that \I/ • {imp) = ■ fi)(^ ■ v). Therefore, for characters ^1 and ^ 2 on B, 

(*lD* 2 ,^> = (*1,*2-M = (*l,*2-^)<*l,*2-^> = (*ia*2,^X*i n *2,v), (4.13) 

and so \I> ! □ \I> 2 is also a character on B. Let B be the character space of B, so that the product on 
B* restricts to a product on B. Since the product on B* is separately weak*-continuous, this turns 
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B into a compact semitopological semigroup. Furthermore, for each n£Z, evaluation at n gives 
a character S n , and since □ extends the product on £i(Z), this gives a semigroup homomorphism 
from Z to .B. 

In particular, we can apply the previous paragraph when B = WAP(Z), and so Z WAP becomes 
a compact semitopological semigroup, and the two Arens products on M(Z WAP ) coincide with 
the convolution, introduced in ( 14. ip . Now take another compact semitopological semigroup S 
and a homomorphism </> : Z — >• <S. This induces a ^-homomorphism : C(«S) — > ^(Z). As S 
is semitopological and compact, it is easily checked that 9(C(S)) C WAP(Z), and so 9 induces 
the continuous map : Z WAP — > S so that the diagram (14. 9 p commutes. The density of Z in 
Z WAP ensures that is a semigroup homomorphism and is uniquely determined. By replacing 
S by the closure of 0(Z) in S we may always assume that 0(Z) is dense in S, in which case 
9 : C(<S) —7- WAP(Z) will be injective, and hence an isometry onto its range. 

Given a semitopological semigroup compactification of S, and let 9 : C(S) — > WAP(Z) be 
defined as above. Then 6* : WAP(Z)* — > M(S) is a homomorphism with respect to convolution. 
To see this, it suffices to check that 9*(S n + m ) = 9*(S n )9*(S m ) for m,nGZas ^i(Z) is weak*-dense 
in the dual Banach algebra WAP(Z)*. This follows as 9*(5 n ) = 5^ n ), and so 

(9*(5 n ) * 9*(8 m ),x) = (Sftn) * 5 (f){m) ,x) = / x{s + t) d5^ n) (s) d6^ m )(t) = x(<f)(n) + <f>(m)) 

JSxS 

= x(<P(n + m)) = (9(x), 6 n+m ) = (9*{S n+m ), x), xe C(S). (4.14) 

Now suppose that E C (Z) is a shift-invariant predual for £i(Z), and let B be the unital 
C*-algebra generated by E in l OQ {Z'). As E is shift-invariant, it follows that B is also, and as 
E C WAP(Z), also i? C WAP(Z). Thus B = C(B) for some compact semitopological semigroup 
B. We have the commutative diagram 

(4.15) 




where the maps along the top are quotients. As le is an isomorphism, it follows that lb '■ ^i(Z) — >■ 
B* is an isomorphism onto its range. Now, B* = M(B) which is a dual Banach algebra equipped 
with the product from (14.11) . and Lb is an algebra homomorphism. Note too that the homomorphism 
Z — > B is injective. This follows, as E, and hence B, separates the points of £i(Z). Indeed, if we 
denote the map Z — > B, then lb{5 ti ) = G M(B) = B*. We are now finally in a position to 
associate a semigroup and homomorphic projection to a shift-invariant predual, and to prove the 
second part of Theorem 14.11 



Proposition 4.3. Let E C £oo(Z) be a shift-invariant predual for £i(Z) ; and form B = C*(l, E) 
as above. There is a bounded Banach algebra homomorphism : M(B) — > such that lbQ is 

a projection on M(B). Furthermore, kerB is weak* -closed, and 

E = ± ker& = {x G B : (tf,ac) = 0, * G B\ 0(tf) = 0}. (4.16) 
T/ie map S — >■ £i(Z) ozt'en 5y 7 1— )■ 0(5 7 ) injective. 

Proof. We define a bounded linear map = : B* — > £i(Z), where g is the quotient map 
B* ^ E* = B*/E ± . The commutative diagram in (14.151) shows that 0ig = i(Wz) and so ^0 
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is a projection onto i,b(£i(Z)). By construction, kerO = E 1 - which is weak*-closed in B* and so 
E = ± (E ± ) = ^ker©. 

We now check that is an algebra homomorphism. Given x G E and a G ^i(Z), we have 
x • a G E, as -E is shift-invariant, and hence is an £ 1 (Z)-module. For \I/ G B* and iGfi, 

• x, a) = x ■ a) = (<?(*), x ■ a) = (x ■ a, t^ 1 <?(*]/)) 

= (ar-a,9(*)> = (9(tf) -a;, a). (4.17) 

It follows that * • x = 9(*) • x. Similarly, x ■ * = x ■ 9(*). Thus, for # 2 G B* and x G E, 

(x, e(* a * # 2 )} = (*i * * 2 , 2:) = ^2 • x) = 0(* 2 ) ■ x) = (x, 0(*O * 0(* 2 )>, (4.18) 

showing that is a homomorphism. 

Finally, suppose that 71,72 G B are distinct, and such that 0(<5 7l ) = 0(<5 72 ). Thus (71, x) = 
(72, x) for x G E. As a subspace of C(B), this means that E fails to separate the points 71 and 
72. As C(B) is generated by 1 and E, it follows that C(B) does not separate the points 71 and 
72, which is a contradiction. So B — > 0(<5 7 ) is injective. □ 

Given a shift-invariant predual E C £00 (Z) we say that (5,0) induces E if S and satisfy 
the hypotheses of part 1 of Theorem 14.11 giving E as the resulting predual. In particular, given 
any predual E, Proposition 14.31 gives a pair (B, 0) inducing E. The next section will focus on 
examples of preduals produced by Theorem I4.lt the rest of this section investigates the general 
theory which arises from constructions of this type. First we note how to compute weak*-limits in 
^i(Z) with respect to these preduals. This approach is well adapted to finding the limit points of 
the set {S n : n G Z}. In the next proposition all weak*-limits in M(S) are computed with respect 
to C(S), while weak*-limits in £i(Z) are with respect to E. 

Proposition 4.4. Let (S, 0) induce the shift-invariant predual E C ^(Z). 

1. Let (a a ) be a bounded net in £i(Z) converging weak* to fj, G M(S). Then (a a ) converges 
weak* to 0(/i) in £i(Z). 

2. Suppose (7^) is a net in S converging to 7. Then 0(<5 7fe ) — >■ 0(5 7 ) weak* in £i(Z). 

5. Given any subset Sq ofS, the weak* -closure o/{0(5 7o ) : 70 G <S>o} in£i(Z) is {©(<5 7 ) : 7 G iS }. 

Proof. 1. We have that (/i, x) = lin^ao,, x) for x E E. As E = - L ker0, we see that (/i,x) = 
(x, 9(/x)) for x G F. It follows that a„ — >■ 0(/i) weak* with respect to E. 

2. Suppose that 7^ — > 7 in <S, so that 8 lk —> <5 7 weak* in M(S). Observe that 5 lk — 0(<5 7fe ) G ker 
for each k. Pick some subnet of (7^), and then pass to a further subnet (7-,) to ensure that 0(5 7j ) 
converges weak* to // G M(«S), so that <5 7j — 0(5 7j ) — >■ 5 7 — \i weak* in M(S). As ker© is 
weak*-closed, it follows that 5 7 — \i G ker©, that is, 0(/i) = 0(<5 7 ). By part 1, it follows that 
0(5 7 ) — > @(5 7 ) weak* in £i(Z). As every subnet of 0(<5 7fc ) has a subnet converging to 0(<5 7 ), the 
statement follows. 

3. Given a net (7^) such that 0(<5 7fe ) is weak*-convergent in £i(Z) we can pass to a subnet so 
that 7^ — > 7 in 5, whence the result follows from the previous part. □ 

A pair («S, 0) used to construct a shift-predual E via the first part of Theorem 14.11 may have 
an unnecessarily large semigroup. To this end we say that a pair (<S, 0) inducing a predual E is 
minimal if the semigroup homomorphism S —> £i(Z) given by 7 i-> 0(<5 7 ) is injective. Of course, 
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the pair (B, O) constructed by Proposition 14.31 is minimal. Clearly, if we start with E, and form 
(B, 0), then E can be reconstructed by part 1 of Theorem 14.11 The next few results show that a 
minimal pair is uniquely determined by the predual and examine restrictions on the structure of 
the semigroup in a minimal pair. 



Lemma 4.5. Let (5,0) be minimal, construct E using part 1 of Theorem 4-F and then use 



Proposition \4-3\ to construct (B,Q') say. Then B is canonically isomorphic to S, and under this 
identification, O and O' agree. 

Proof. Using the notation of Proposition I4.3[ we claim that C*(F, 1) = C(S). This will follow if we 
can show that F separates the points of S. Indeed, suppose that 71,72 G S satisfy /(71) = ^(72) 
for each / G F. Then (5 yi — 5 72 , /) = for each / G F = x ker 6, so 5 yi — <5 72 G ker 9, as ker 6 is 
weak*-closed. Thus 6(<5 7l ) = 0(5 72 ), so by minimality, 71 = 72, as required. We shall henceforth 
identify B with S. 

We shall be careful with identifications. We regard F as a subspace of C(S), and by restriction 
of functions on S to functions on Z, we obtain E. Let r : F — > E C ^(Z) be this restriction map, 
and let j : £i(Z) — > M(S) be the inclusion, so that (J (a), f) = (r(f), a) for a G ^i(Z) and / G F. 
As Z is dense in S, the map r is an isomorphism, and so also r* : E* — )■ F* is an isomorphism. 
Let q : C(S)* = M(S) -> F* be the quotient map, and recall the map 1^ : E* ->■ 4(Z). Then 
6' = ^(r*)- 1 ^. As 

Mfl), r(/)) = (r(/), a) = (j(a), f) = (qj(a), /), a G 4(Z), / G F, (4.19) 

it follows that qj = r*L£, and so qjQ' = r* t^Q 1 = q. As F x = kerG, for \x G M(S), we have 
j6'(/i) — G ker 9, that is, 0(yu) = 0(jO'(yu)) = jQ'(n), as 6 is a projection onto j(£i(Z)). Thus 
= 0' under the appropriate identifications. □ 

Remark 4.6. Let (5,0) be a minimal pair inducing E. As E* = ^i(Z), it follows that is 
separable, and so also B = C*(E, 1) is separable. Then the closed unit ball of B* is metrisable, 
and hence B is metrisable. In particular, in the minimal case it is enough to consider only sequences 
to understand the topology of B = S. 

When a semigroup compactification S of Z is countable, a standard Baire category argument 
shows that the points of Z are isolated in S, and so in this case the embedding Z — > S is a home- 
omorphism onto its range. On the other hand Z — > T; n e m is a (semi)group homomorphism 
with dense range in which the points of Z are not isolated in their image. We have not been able to 
determine whether the semigroup S in a minimal pair (S, 0) inducing a shift-invariant predual is 
necessarily countable; nevertheless the next proposition shows that points of Z are always isolated 
in S. 

Proposition 4.7. Let E C ^oo(Z) be a shift-invariant predual for ^i(Z). 

1. \5q is not a weak*-limit point of the set {S n : n G Z} ; for any A G T. 

2. Let the pair (S, 0) induce E. Then {0} is open in S, and so in particular, the homomorphism 
Z — > S is a homeomorphism onto its range. 



Proof. For 1, we use the Szlenk index. As E is separable, the weak*-topology on bounded subsets 
of £i(Z) is metrisable, and so we may work with sequences. Suppose that some sequence {6k m )m=i 
converges weak* to \5 with respect to E. Using the notation of Section [3j certainly S n G Po(e) for 
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n G Z and any e > 0. Notice also that each P a ( £ ) is invariant under multiplying by any element of 
T. Suppose that {5 n : n G Z} C P a (e) for an ordinal a and < e < 2. Then, as lim m <5fc m + n = XS n 
weak*, and liminf m || — X5 n \\ = 2, it follows that XS n , and hence also S n , is a member of 

P a+ i(e), for any n£Z. However, then <5 G i^(e) for any /3 and < e < 2, which contradicts the 
countability of the Szlenk index of E. 

For 2, we show that Z — )■ 5 is a homeomorphism onto its range. To do so, we need to show that 
if n G Z and (n a ) is a net in Z with n a — » n in 5, then n a — )■ n in Z, that is, n a = n eventually. 
By part 2 of Proposition I4.4[ it follows that 5 Ua = Q(S na ) — > Q(5 n ) = 5 n weak* in ^(Z). Thus 
we see that {o~ na -n} has 5$ as a limit point, which by the first part, can only occur if, eventually, 
&n a -n — ^0) that is, n a = n. As S is Hausdorff, it follows immediately that {0} is open in S. □ 

Lemma 4.8. Let (S, 0) be a minimal pair inducing a shift-invariant predual E. Then S has 
exactly two idempotents, G Z and oo. The idempotent oo is a semigroup zero, i.e. oo + 7 = 00 
for all 7 G Z and, given any 7 ^ in S, 00 is a limit point of the set {^n : n G N}. 

Proof. Certainly G 5 is idempotent. By minimality, S embeds as a subsemigroup of £i(Z) which 
has exactly two idempotents 5q and Oe^z) (to see this, take the Fourier transform into C(T)). 
Thus iS has at most two idempotents. Take 7 7^ in S. The closure {n7 : n G N} is a compact 
Hausdorff semitopological semigroup, and thus contains an idempotent, say 70, see for example 0, 
Chapter 1, Theorem 3.11]. 

Suppose, towards a contradiction, that 70 = 0. By Proposition 14. 7\ {0} is open in S, and so 
in particular, we can find m > with 7727 = 0. Thus G(<5 7 ) m = 8q, and so applying the Fourier 
transform, we see that 0(<5 7 ) = XSq where A G T with X m = 1. We can find a sequence (rife) in Z 
with nk —> 7, and so 6 n , k — >■ A5o weak*, which contradicts Proposition 14.71 Thus 70 7^ 0. 

We conclude that S has exactly two idempotents: and 00 say. Furthermore, we have just 
shown that for any 7^ 7 G S, the closure of {wy : n G N} contains 00. Given any 7 G 5, 

e(5 7+ oo) = e(<g * e(cU = e(<g * o = o = e(cU, (4.20) 

so by injectivity of the map S — >■ £i(Z), we have that 7 + 00 = 00. □ 

Recalling that Z WAP has infinitely many (indeed, 2 2 " many) idempotents (see, for example, [26, 
Corollary 4.13]), it follows that S certainly cannot be all of Z WAP , if it satisfies the conclusions of 
Lemma 14.81 

The Szlenk index defined in Section [3] provides a tool enabling us to better understand the 
possible Banach space isomorphism classes of our preduals. Let E C ioo (Z) be a shift-invariant 
predual and let (<S, 0) be a pair inducing E. Since E C C(S), the Szlenk index of £/ is at most 
that of C(S); when S is countable, this can be computed using the Cantor-Bendixson index (see 
|23j). To find a lower bound for the Szlenk index of E, we proceed as follows. For e > 0, we define 
sets S a (e) corresponding to ordinals a as follows. Set Sb(e) — <S- Given S a (e), define 

<S a+ i(£) = {7 G S a (e) : 3 a sequence (7^) in S a (s) converging to 7 with ||0(5 7 J — @(<5 7 )|| > e}. 

For a limit ordinal (3, set Sp(e) = fla</3 ^a( e )- 

Lemma 4.9. Let (S, 9) 6e a pair inducing a shift-invariant predual E, and form S a (e) as above. 
Let K > 1 be such that KWaW^ > \\cl\\e* > X -1 ]^!!^ for each a G £i(Z). For each ordinal a and 
e > 0, let 

S a {e) = {^HeH^e^) : 7 e 5„(e)}. (4.21) 
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Then 

S^CP^eWeW-'K- 2 ). (4.22) 
Thus sup e>0 sup{a : S a (e) 7^ 0} is at most the Szlenk index of E, and in particular is countable. 

Proof. Let c = 1 1 <S> 1 1 1 1 and e' = K _2 ||6|| _1 £: For 7 G S, we see that 

ciie^iu^neii^iie^ik^i (4.23) 

It follows that «Sq(e) C Po(ce') = {a G £i(Z) : ||a||e* < 1}. Suppose now that S a (e) C P Q! (ce). 
Let 7 G so 7 G «S a (e) and there exists a sequence (7^) in S a (e) with 7^ — > 7, and with 

||0(5 7fc ) — 0(5 7 )||^ > e for each k. Let a = c0(<5 7 ) and = c0(<5 7fc ) for each fc. By part 2 of 
Proposition 14.41 we have that a k — > a weak*, and by assumption, a G P Q (V) and (a&) C P a (e'). 
Then observe that \\a k - a\\ E * > K~ l \\a k - a\\ h = If— 1 c||©(& 1% ) - 0(5 7 )|k ^ ^~ 2 ||0|| -1 £ > e' for 
each fc, from which it follows that a G P a+ \(£'). Thus C P a+1 (e'). □ 

This gives us a criterion for exhibiting a shift-invariant predual which is not isomorphic as a 
Banach space to Cq. Examples of this phenomena will be given in the next section. Note too 
that minimality of the pair (<S, 0) was not used in the calculations above; though if (S, 0) is not 
minimal, then the condition that ||0(<5 7fc ) — 0(^ 7 )|| > £ is more restrictive. 

Proposition 4.10. Let E C (Z) be a shift-invariant predual for ^(Z). Suppose that a G ^i(Z) 
is a weak* -accumulation point of the point masses {S t : t G Z} and has \\d n \\ > 1 for all n G N. 
Then E is not isomorphic to cq as a Banach space. 

Proof. Let (S, 0) be a minimal pair inducing E. By Proposition l4.4l part 3, we know that a = 0(5 7 ) 
for some 7 G S \ Z. Given < £ < 1, we claim that 00 G «S a (e:) for all finite a. It will then follow 
that 00 G ^(e). By the proof of Lemma H~9l this implies that P w {e) 7^ for small enough e > 0. 
As noted in section [31 77(e) = sup{a : P a {£) 7^ 0} is not a limit ordinal and so 77(e) is strictly bigger 
than oj for all sufficiently small e > 0. Thus the Szlenk index of P is strictly bigger than u, and 
such E cannot be isomorphic to cq. 

In order to show that 00 G S a (e) for all finite a, we prove by induction for all n G Z + , that 

{m7 + t : m > n, t G Z} U {00} C S n (e), (4.24) 

a hypothesis that is trivially satisfied when n — 0. By Remark 14.6} we can find a sequence (tj) C Z 
with tj — >■ 7 in 5. It follows that m^ + t + ti — )■ (771+1)7+*, while liminf ||a m 5 t+tj — a m+1 5 t || > 2 > £ 
as we must have — > 00 so the support of a m 5 t+ti is eventually shifted away from the support of 
a m+1 5 t . Thus (m + 1)7 + 1 G 5 n+ i(e). Since 00 is a limit point of {mj : m > n} and ||a m || > 1 for 
all m, we have 00 G S^+i^e), establishing the claim. □ 

Remark 4.11. Let G be a discrete group, and form the Banach space £\(G). This becomes a 
Banach algebra for the convolution product. Then £oo{G) becomes an £i(G)-bimodule, and this 
allows us to make sense of a predual E C £oo(G) being shift-invariant. Again, this corresponds to 
E turning £i(G) into a dual Banach algebra. Most of the results of this section hold in this more 
general setting (in particular, WAP(G) is a well- understood object) with the exception of the final 
few results, which use specific properties of Z. In the next section, we shall construct pairs (S, 0) 
for Z, and it seems a much more delicate question as to whether this is tractable for other groups 
G. 
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5 Examples 



This section gives examples of shift-invariant preduals arising from the methods of the previous 
section. In particular, we show how the examples of Section [3] can be realised in this way, we 
construct non- isometric shift-invariant preduals, and we construct shift-invariant preduals of 
which are not isomorphic as Banach spaces to co(Z). 

For fceN, consider the additive semigroup Sk = Z x (Z + ) fc U {oo}, where oo satisfies oo + 7 = 
7 + 00 = 00 for all 7 G Sk, and Z + = {0,1,2,- ••}. We write the elements in Sk \ {00} as 
7 = (70, 71, . . . , 7fc) with 70 G Z and jj G Z + for j = 1, . . . , k. The elements G Sk, i = 1, 2, • • ■ , fc, 
with 1 in the z-th co-ordinate and 0's elsewhere provide canonical semigroup generators for <Sfc\{oo} 
(depending on taste, one might also need to consider — eo as a generator). We will subsequently 
discuss how to topologise Sk so as to turn it into a semitopological semigroup compactification of 
Z. 

For a and b in £\{Sk) we will denote from now on the convolution of a and b by ab instead of 
a * b, so that 

ab{ 1 )= a («W), 7^,. (5.1) 

We consider Z naturally embedded in Sk, by identifying n G Z with (n, 0, 0, ... 0) G <S&, and we 
will consider £i(Z) as Banach subalgebra of £i(Sk). We also consider the semigroup S® = (Z + ) fc to 
be a subsemigroup of S fc by identifying (71, . . . , 7*.) with (0, 71, ... , j k ), for 7i> 72, • • • Tfc e z+ - We 
will represent an element \i G t\{Sk) as 

where yUoo G C and /i 7 G ^i(Z) for 7 G 5°. 

A projection : £i(«Sfc) — >■ ^i(Z) which is also an algebra homomorphism is uniquely specified 
by the elements a, = Q(S ei ) for i = 1, • • • , /c, as then 

^/i 7 5 7 G£i(5 fc ). (5.3) 

7es,° 7 eSg i=i 7 eS, 

As is a projection and a homomorphism, it follows that 0(£oo)5n = 0(^oo) for all n G Z, and so 
necessarily, 0(<5oo) = 0. Such a is bounded if, and only if, 

max sup ||a™||i < 00. (5.4) 

i=l,...,fc meN 

To ensure that the kernel is weak*-closed in £i(Sk) (with respect to C(Sk) equipped with some 
suitable topology) we will need slightly stronger hypotheses. 

Lemma 5.1. With the notation introduced above, suppose additionally that 

lim ||a™||oo = 0, 2 = 1,..., k. (5.5) 

m— >oo 

Then, regardless of the compact Hausdorff topology on Sk, ker© is weak* -closed in £\{Sk) with 
respect to C(Sk)- 
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Proof. A useful result going back to Banach [3j Page 124], which can be easily proved from the 
Krein-Smulian Theorem, shows that kerO is weak*-closed if and only if {/x G £\{Sk) '■ HHI < 
1, 0(/i) = 0} is weak*-closed. Thus it suffices to show that if (fi a ) is a net in ker with \\fi a \\ < 1 
for all a, and \i a — > \x weak*, then 0(/i) = 0. For each a, write 

\i a = /^oo + Yl /4 a)& r» ( 5 - 6 ) 

where each /i 7 is regarded as lying in £i(Z) C ^i(«Sjt). Thus = | + X] 7 11/^7 111 — 1- 

Furthermore, 

k 

o = ey = ^#n^ (5-7) 

7 6S° i=l 

Fix e > and choose N such that ||a?||oo < £ for n > N and each j = 1, ■ ■ ■ , k. Partition <S£ 
as Sfc U 5°", where S^' = {(71, • • ■ , 7&) : ji < N (i — 1, ■ • • , A;)}. By moving to a subnet, we may 
suppose that (fi~^) is weak*-convergent in l\(Sk) = C(Sk)* for each 7 G <S°'. Then 



e(hm y: 4%) = E ©((ir^)5 7 ) = E e (X m /4 a) ) II 

7 e5«' 7 es°' 7 es°' j 

= e(lim J] fi^af-'-alA. (5.8) 

Now partition Sf =5 fc ! U---U5^ where S£ = {(71, • • • , 7*) : 7* > N, 7,- < N (j < i)}. Finally, 
define <S|' = {(71, ■ ■ • , j k ) : 7j < N(j < i)}, so that ^' = {76^:7 + iVe* G S l k }. Pick i G Z, 
and calculate that 

k 

0O*)* = e(lim £ 4% + ^E£4° )& r) t 

= ( L r E 4 a) < • • ■ t + ( ^ E E /4 a) ^) ( 

765»' i= l ^ 

= - ( 1 rEE^V---a?) t + ©(lim$:^ £ A*&reA) t 

[as, by (EB, £ /i 7 Q) Il a ? = " E 4 a) Il a ? for a11 a 
= " E (< Or E • ■ ■ <)) t + E (af e(lm J2 ^&r)) t . (5-9) 

i=1 765f 7G 5^' 

As is bounded, we know that if = maxj sup m Ha™ Hi < 00 > an d so > using ^1-^00 duality, we obtain 
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the estimates 



k 



3=1 ^4 



k 

+ E iKlloollQII liminf || £ (5.10) 
<fe||6|| sup ||a{ 1 ---a{ fc || 1 + fe||0|| (5.11) 

< fe||e||(^ fc + i). (5.i2) 

As e > and t were arbitrary, we conclude that 0(/x) = as required. □ 

Remark 5.2. We do not know whether or not the condition lim n ||a n ||oo = is necessary for O - 
together with some topology on Sk which turns it into a semitopological semigroup - to arise as 
part of a minimal pair inducing a shift-invariant predual of £i(Z). Nevertheless we can conclude 
that a n converges weak* to with respect to any predual arising in this fashion. 

Indeed, whenever Sk provides a suitable semitopological semigroup compactification of Z (e.g. 
forms part of a pair inducing a shift-invariant predual for £i(Z)), then it follows that for each 
i = 1, • • • k, we have n ■ — > oo as n — > oo. If this is not the case then we can find some net 
(rij) C Z + with rij • e-i — > 7 = (70,71, • • • ,1k) £ <Sk\ {oo}- Clearly (rij) is unbounded, so passing 
to a further subnet, we may assume that (rij — (7$ + 1)) • ej also converges, say to 7' G Sk- Then 

7' + ((li + 1) • e*) = lim ((n^ - (ji + 1)) • e^) + ((7; + 1) • eA = hmrij ■ = 7, (5.13) 

but this means that 7^ + (7^ + 1) = 7^, which is impossible in Z + . Thus our claim follows from 
Proposition 14.41 part 2. As such, it is not a surprise that the previous result does not depend on 
the topology of Sk- 

We will build suitable topologies on Sk by constructing suitable topologies on 5fc \ {00} and 
then adding 00 as a one-point compactification. The following is probably folklore, but we include 
a proof for completeness. 

Lemma 5.3. Let S be a locally compact Hausdorff semitopological semigroup. Equip S U {00} 
with the one-point compactification topology, and let 00 act as a semigroup zero. Then <SU{oo} is 
a compact semitopological semigroup if, and only if, for each compact K C S and 7 G S, the set 
K — 7 = {7' G S : 7' + 7 G K} is compact. 

Proof. Translation by 00 is obviously continuous. So we need to show that if (s a ) is a net in S 
converging to 00, then for any 7 G S, also s a + 7 — > 00. If the condition on compact sets holds, 
then for any compact K C S, we see that s a + 7 G if if and only if s a G if — 7 which is compact. 
So eventually s a + 7 is not in K\ that is, s a + 7 — > 00. 

Conversely, suppose that the condition doesn't hold, so there is a compact set K C 5 and 7 G 5 
with K — 'j not compact. Given compact sets i^i, • ■ ■ , we must have K — 7 ^ if 1 U • • • U if n , 
otherwise if — 7 is a closed subset of the compact set K 1 U • • - U if n and so compact, contrary 
to hypothesis. So we can find a net (s a ) in K — 7 such that s a eventually leaves every compact 
set. So s a — > 00 and yet s a + 7 G if for all a, so s a + 7 7^ 00. Therefore 5 U {00} is not 
semitopological. □ 
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Fix k > 1 and write T fc = Z x (Z+) fc so that S k = T k U {oo}. Suppose J«, ■■■ , jW are infinite 
pairwise disjoint subsets of Z. Our plan for constructing suitable topologies on Tk is to declare that 
limits jn from J® with |n| — >■ oo converge to the canonical semigroup generator G 7^. This will 
give us neighbourhood bases of the semigroup generators. Neighbourhood bases of the remaining 
points of Tk are essentially forced upon us by the requirement that the semigroup operation be 
separately continuous. The only remaining issue is to extract suitable conditions on the sets jW 
which ensure the resulting topology on Tk is locally compact, Hausdorff and satisfies the 'separate 
continuity at infinity' requirement of the previous lemma. 

For each 7 = (70,71,-'' ilk) £ Tk and n G N, let V 7i „ be the subset consisting of those 
ft = (ft , ■ ■ ■ , ft k ) G Tk with fa < ji for i = 1, . . . , k and 

i=l r=l 

where (jr ) is a family such that: 
1. jr^ G for each r; 

2- |ir I 7^ lis | when (i, r) 7^ (k, s) (this condition is referred to as the having distinct 
absolute values in the sequel); 

3. n < < • ■ ■ < for each i; 

In the following proof, we do not need to use the 2nd condition, but it will be needed to make use 
of Definition 15.61 below. 

Here we adopt the standard convention that the empty sum is 0, so that, for example, if ft G V 7>n 
has fti = 7j for alH = 1, ■ • • , k, then ft = 7 also. For the canonical semigroup generator e», the 
set V eun consists of {ej} U {j G : |j| > n } S0) once we have shown that these sets provide a 
neighbourhood basis for e», it will follow that j„ — >■ ej as \ja \ — > 00 through jW. 

For 7 = (70, 0, • • • ,0) we see that V 7i „ = {7} for all n. However, if 7 = (70, 71, • • • , 7fc) with 
some 7j > for 1 < z < A;, then V 7>n is infinite for all n. 

Lemma 5.4. T/ie sets V 7 , n describe an open neighbourhood basis at 7 /or a topology on Tk with 
respect to which the semigroup operation is separately continuous. This topology is Hausdorff if, 
and only if, the following condition holds: for allt G Z and ai, • • • , afc, b%, • • • ,b k G Z + ; t/iere exist 
nGN such that if 

i=l r=l j=l s=l 

/or some jr , Is G J*-*- 1 such that the jr have distinct absolute values, the li have distinct absolute 
values and |^| > n, then t = and aj = bi for i — 1, • • • , k. In this case, the neighbourhoods 
V 7)n are compact and for every compact set K OTk and 7 G Tk, the set K — 7 is compact. 

Proof. We define U C 7fc to be open if for each 7 G U, there exists n with V 7l „ C [/. Then clearly 
and 7fc are open, and unions of open sets are open. If U and U' are open and 7 G £7 fl £/"', then 
there are n, n' G N with V 7jTV C [7 and V 7>n ' C [/', and thus V 7)max (n i n') = V 7jn nV 7i „' C UnU'. This 
shows that the intersection of two open sets will still be open. So we do indeed have a topology 
on Tk, where 7 G Tk has neighbourhood basis (V 7i „)„ 6 n- 
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Next we show that each V 7i „ is open. For 7 = (70, • ■ ■ , 7^) G Tk and nGN, take (3 G V 7) „ \ {7} 
and let suitable jr be chosen so that (I5.14p holds. Taking n' = maxj r \ | , we claim that 
Vp lU i C V 7in . Indeed, for a = (a , • ■ ■ , otk) G Vp )Tl i we can offset the sum, and write 

k li—a-i 

a = Po + Yl E ^' ( 5 ' 16 ) 

i=l r=7i _/3 i +i 

for some additional jr with distinct absolute values and \j®\ > n'. The requirement that these 
additional j® have [j® \ > n' ensures that all the j® have distinct absolute values and so (I5.16p 
combines with (I5.14p to show that a G V 7)Tl . In this way each V 7i „ contains a neighbourhood of 
each of its points and so is open. 

To check that the addition is separately continuous, fix a, 7 G Tk and a neighbourhood V 1+a ,n 
of 7 + a. Then V 7i „ + a C V 7+Q , in . Indeed, given /3 G V 7)Tl , pick suitable jr such that (I5.14p holds. 

Then the same jr witness that + a G Vj+ a ,n- 

The topology on Tk is Hausdorff if and only if for distinct 7, (3 G 7fc there exists some n G N 
with V 7i „ PI Vfcn = 0. Now, given a G V 7 , n fl V^ in choose jr and such that the jr s and Zl^'s 
have distinct absolute values, \jr^\, \ls\ > n and 

k ^li—OLi k fii—cti 

j=l r=l i=l s=l 

Taking t = f3 — j , cii = ^ — a iy hi = — we see that the previous equation is equivalent to 
(15.151) holding, and that the condition t = and = 6, for all i is equivalent to 7 = /3. Thus 7fc 
is Hausdorff if and only if the specified condition holds. 

Now we establish compactness of the neighbourhoods V 7)n by induction on Yli=ili- When 
this sum is 0, V 7)n = {7} which is certainly compact. Now fix 7 with ^2 i=i 7i > and n G N. 
Take an open cover {U\ : A G A} of V 7i „. There is some Ao G A with 7 G U\ . Let n be 
minimal with V 7 , no ^ ^A and note that if n < n, then U\ () covers V 1>n ] thus we may assume that 
n > n. Given a G V 7jTV \ V 7i „ choose satisfying (15.141) . so «o = 7o + X)i=i Sr=T^i^- Set 

= |{r : \jr \ < n }\. Now take Pi — Ji — for z = 1, ■ • • , fc, and let 

k 

^=7o + EE^- ( 5 - 18 ) 

i=l r=l 

This construction ensures that a G V^, n - As a ^ V 7 , no , there is some io G {1, • • • , k} with l(i ) > 1 
so that /3j < 7i . As such the inductive hypothesis ensures that Vp tn is compact. Note too that 
(3 is detemined by the values of l(i) in the range 0, . . . ,7^ and (jr ) satisfying n < \jr\ < n for 
r = 1, • • • , and so V 7>n \ V 7i „ is contained in a finite union of compact neighbourhoods Vp tU . 
Each of these is covered by a finite subcover of {U\ : A G A} and the union of these, together with 
U\ , is a finite subcover, demonstrating that V 7in is compact. 

Finally take K C Tk compact and 7 G Tk- Suppose {U\ : A G A} is an open cover of 
K — 7 = {/3G7fe:/3 + 7G K}. Consider Uaga(^ + l)- This need not cover if, but ii a E K 
is not in this union, then a is not of the form /3 + 7 for any /3 G 7fc, and so < 7» for some 
i G {1, • • ■ , k}. Thus 

U(C/ A + 7 )U |J Vo,i (5.19) 
AeA Qer fc 
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covers K, and so has a finite subcover indexed by A and ■ ■ ■ , say. Thus 

m 

U(( f/ A + 7)-7)u|J(K, S ), 1 -7) (5.20) 

AeA a=l 

covers K — j. However, the sets in the second union are empty, and (U\ + 7) — 7 C [7 A , so that 
{{7a : A G A } is a finite subcover of the original cover. Therefore K — 7 is compact. □ 

Combining Lemmas 15.1] 15.31 and 15.41 with Theorem 14.11 gives the following theorem, enabling 
us to produce a range of preduals. We summarise this as a theorem. 

Theorem 5.5. Fix fceN and let J^ l \ • • ■ , J® 6e infinite pairwise disjoint subsets ofL satisfying 
the technical condition in Lemma \5^ and let Tk have the topology given by the neighbourhoods V 1>n 



of 7 G Tk- Let ai, ■ ■ • ,dk G £i(Z) be £i(Z)-power bounded elements which satisfy \\a™ 
m — > 00 for each i = 1, • • • , k. Define a bounded projection : £\{Sk) —> ^i(Z) which is also an 
algebra homomorphism by B(5 e J = eij ; where e« t/ie i-t/i semigroup generator of Sk- Then ker0 
zs weak* -closed in £i(Sk) (with respect to C(Sk) j and F = - 1 ker 6 C C(Sk) restricts to Z to define 
a shift-invariant predual E of £i(Z). TTie resulting weak* -topology on £i(Z) is such that S n — »■ a, 
as I n I 00 through jW. 

To produce examples we need to provide suitable sets jW and elements a^. 

Definition 5.6. Let J C Z be infinite. Say that J is additively sparse if, given £ G Z and r, s G Z + , 
there exists n G N such that if 

Ji H h j r = h H h / s + t 

for some jj, h E J with n < |ji| < |j 2 | < • • • < |jr| and n < < • • • < then t = 0, r = s and 

If J is additively sparse and J^ l \ ■ ■ ■ , J( fc ) are infinite pairwise disjoint subsets of J, then the 
condition of Lemma \5 .41 is satisfied (perform a simple induction on k). Using m-ary expansions, it 
is easily seen that {m n : n G N} is additively sparse for each m > 0. It is also straight-forward to 
show that {±(m!) : m > 0} is additively sparse. 

Example 5.7. Taking k = 1, = {2 n : n G N} and ai = A _1 5 for some A G C with |A| > 1 
gives the preduals F^ considered in Section [3l Indeed it is routine to check that the xq from 
Section [3] lies in - 1 ker and since the predual F^ is the smallest closed shift-invariant subspace 
containing xq, it follows that F^ C "'"ker©. Since an inclusion of concrete preduals implies that 
these preduals are equal (see the comment after Lemma 12.21) F^ = -'-ker©. 

Theorem 5.8. There exists a shift-invariant predual E of£i(Z) such that, as a Banach space, E 
is not isomorphic to Cq. 

Proof. Let k — 1, be any additively sparse set and a\ = ~(5 + Si). Certainly ||a™||i = 1 
for all m G N. We can approximate ||a™||oo by Stirling's formula to estimate the central binomial 
coefficient. Indeed = 2~ m ^X so that 

IKIU = if, " ,Y (5.21) 



2 m \[m/2\ 
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Taking m = 2n, we have 



1 (2nV 1 4 n 

ifloo = 7^773^ ~-^^ ' asn^oo. (5.22) 



2 2n / n J\2 4 n 



Thus a\ satisfies the requirements of Theorem 15.51 and we can obtain shift-invariant preduals E 
with 8 n — ¥ a\ as \n\ —¥ oo through additively sparse sets. Since ||a™||i = 1 for all m G N, 
Proposition 14. 101 shows that these preduals are not isomorphic as Banach spaces to Cq. □ 

Remark 5.9. The shift-invariant predual constructed in the previous theorem has Szlenk index 
u> 2 . Indeed, the proof shows that the Szlenk index must be larger than u. However, by [7J, Si is 
homeomorphic to [0,cj w ] and thus C(S\) has Szlenk index u 2 . By [TJ Corollary 3.10], the Szlenk 
index is always of the form u a , and so the only possibility is that E has Szlenk index u 2 . 

Proposition 5.10. Recall that £i(Z) carries a natural involution, where 5* = 5_ n . Let E be a 
predual arising from Theorem \5.5\ where each jW is symmetric in the sense that j G if and 
only if —j G and a* = a, for each i. Then E makes the involution on ^i(Z) weak* -continuous. 

Proof. As the JW are symmetric, the basic neighbourhoods V 7 , n are invariant under the map 

cj):S k ^S k ] (0o,pi,--- ,Pk) ^ (-A),/V-- ,0k), oo^oo (5.23) 
and so is continuous. The involution * on £i(Z) extends to £i(Sk) by 

(5.24) 

and the assumption that a* — a* for i = 1, • • • , k gives 0(/i*) = @(a0* for G £i(Sk)- Since is 
continuous, we also obtain an involution t on C(Sk) by /^(7) = f{4>{l))- so that 



(c*, /) = (c, /t), c G h(S k ), f G C(5 fc ). (5.25) 

Now suppose {pi) is a net in £i(Z) such that b, L — ¥ b and b* — >■ c in the weak*-topology on £i(Z) 
induced by E. Passing to a subnet, we may assume that bi — ¥ ji G £i(S k ) and 6* — )■ v G £i(Sk) in 
the weak*-topology induced by C(Sk), so that 6 = 0(/x) and c = 0(z/). Now 



(Mj /) = Mfc> /) = lim ( 6 *> / f > = ("> / f > = />. / e C(S fc ), (5.26) 
so that v* = fi and /i* = z/. Thus 

6* = 9(/i)* = 6(/i*) = 0(i/) = c, (5.27) 

and the involution is weak*-continuous. □ 

Examples of this phenomena can be obtained by using the symmetric additively sparse set 
{±(n!) : n > 0}. 

Example 5.11. We thank Yemon Choi, [9], for pointing us to this example. Let a = 5~ 1 / 2 (<5o + 
5i — 82) G ^i(Z), so that ||a||i = 3/\/5 > 1. In [211 Page 39], Newman shows that a is power 
bounded. The Fourier transform of a is f(z) = 5~ 1 / 2 (1 + z — z 2 ) for z G T. Thus, for z = e ld , 

\f( z )\ = h~ l/2 \z- 1 + l-z j = 5~ 1/2 |1 - 2isin6>| = (l - § cos 2 0) 1/2 . (5.28) 
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Thus, for any e > 0, if n is sufficiently large, then \f n \ < e except on intervals of length at most e 
about the points 9 = 7r/2,37r/2. Thus lim^ L f(z) n z m alz = uniformly in m G Z, which shows 
that lim n Ha"^ = 0. 

We can hence apply our theorem with k — 1 and J being any additively sparse set. The 
resulting predual E C ^(Z) is not isometric, in the sense that the map le '■ ^i(Z) — >■ £7* is only 
an isomorphism, not an isometric isomorphism. This follows, as for x G E, 

lim(iE(5 n ), x) — \im(x, 8 n ) = (x,a) = (le(o),x). (5.29) 

So if were an isometry, we would have that 1 < ||a|| = ||i^(a)|| < limsup n ||ts(^n)|| = 1, a 
contradiction. 



6 Questions 

We end the paper with a range of open questions regarding these preduals. 

1. Describe all possible semigroups S arising as part of a minimal pair inducing a shift-invariant 
predual of £i(Z). 

2. What are the Banach space isomorphism classes of shift-invariant preduals? 

3. What is the Banach space isomorphism class of the shift-invariant predual constructed in 
Theorem 15.81 .'' 

4. For any countable ordinal a, does there exist a shift-invariant predual with Szlenk index at 
least a? 

5. Characterise those a G £i(Z) which occur as weak*-limit points of {5 n : n G Z}. In particular, 
is the condition lim n ||a n ||oo = necessary as well as sufficient? 

6. The concrete shift-invariant preduals of Section [3] are cyclic in that they are the minimal 
closed, shift-invariant subspaces containing the specified element xq. Characterise the cyclic 
shift-invariant preduals of ^i(Z). 
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